1. Introduction. We wish to study the use of a straightforward power series solution of a forced nonlinear oscillation problem involving a small perturbation parameter. The leading terms in many such problems have been calculated and studied by several investigators and their results are discussed, along with relevant references, in various texts, e.g., [3] . However, to date, relatively little has been established about the convergence and hence domain of validity of these series solutions. The purpose of this work is to investigate in some detail the power series solution to a simple forced nonlinear oscillation problem, with the goal of obtaining some insight into the range of validity of the series solution [4] . For the special case of a free nonlinear oscillation, this analysis was carried out successfully in [2] , using some of the ideas presented in [1] . For many such cases, as we shall see below, a large number of terms in a power series solution can be calculated using a computer program. From these terms, an estimate of the radius of convergence of the series can be obtained [4] and, in most cases, the series can be recast into a form which converges for much larger values of the perturbation parameter. However, as we shall see, the radius of convergence of the series we shall be considering depends critically upon the value of the forcing fre-quency. Thus, unlike the free oscillation case where no such frequency was present, the range of values of the small parameter for which the first few terms in the perturbation solution provide a good approximation to the true solution will vary significantly with the value of the forcing frequency.
The model system we wish to study consists of a simple pendulum (e.g., a rigid rod with a mass attached) with its point of suspension moving horizontally according to a specified function of time (Fig. 1) (1.1)
In this equation 0 and 0 are the first and second derivatives with respect to time r, while -RLO is a damping force, m is the mass attached to the pendulum and g is the accelerate due to gravity. We shall assume that R > 0, i.e., that there is some positive damping in our model. For simplicity, we shall assume that the horizontal oscillation of the point of suspension is described by f(r) = a sin wT, where a is the amplitude and w is the frequency of the oscillation. We then define dimensionless variables and hence they need to be evaluated only for 0 < t < 7r. In order to study the behavior of the resulting periodic solution and to see for what values of the parameter -the series converges, we first plot the limit cycles in the phase plane for various values of c. A closed phase plane trajectory corresponds to periodic motion. Figure 2 shows the limit cycles for some selected values of e and for p = 1.5 and r = 0.075. From these diagrams, we observe that for c < 0.9, the limit cycles are closed and smooth, but begin to grow very large for e > 0.9.
To investigate this behavior more carefully, we have used the ratio and root tests on the coefficients Oj(t) for some predetermined values of t. Figure 3 shows some of these results. By means of a linear extrapolation, we estimate from the ratio tests that the radius of convergence R for the series Oj (t) is approximately 0.80, while from the root tests R seems to be approximately 0.83. The results of these tests are very consistent for different values of t. In particular, we divided the interval (0, 7r) into 50 equally spaced subintervals and performed these tests on the series Oj(t) for a representative value of t within each of these subintervals. We found no significant variation of our estimate of R with t. Thus, it appears that the radius of convergence of these series is independent of the value of t.
Using where R is the distance of the singularity from the origin and ,B is the argument of the singularity with respect to the positive real axis. We observe that the results from Pade approximants agree with those obtained by using the ratio and root tests. Moreover, these parameters remain fixed for all 50 different values of t (O < t < ir) which we have examined and thus they confirm our previous statement, i.e., parameters R and ,/ appear to be constant as t changes from 0 to ir. Figure 4 shows the limit cycles for different values of c. As e increases, the limit cycles become larger and approach a unique closed curve. We observe that as c -e oQ, the radius of the limit cycles approaches a fixed value of about 1.38 and thereafter remains constant. This indicates that the periodic motion of the pendulum does not depend upon the parameter e for significantly large values of c.
Transformation of the series. Using the information about the location
We have investigated this series solution for other values of ,u and r (above resonance). Table 1 shows the results. As ,u increases, the radius of convergence of the series increases. This appears to be true for , up to about 10.0, which is above the first subharmonic resonance of our system. We shall discuss this matter further in ?4. Table 1 and are illustrated in Fig. 7 . The relative minima which appear in the figure for ,u < 1 will be discussed in ?4. and illustrate our results for the case when r = 0.05. In order to avoid some numerical difficulties, we introduce a new parameter E' = E/r and rewrite equation ( ), there exists a local minimum for the radius of convergence of the power series. Presumably, this will also be true for all higher order resonances. In each case, however, the values of R and ,B appear to be independent of t, which is in contrast to the case of the free van der Pol limit cycle [2] . For this case, it was found that the distance of the singularity closest to the origin varied with t for 0 < t < 2ir and gave rise to a radius of convergence of the series which varied with t. For values of ,u > 1, the radius of convergence of our series increases monotonically with u (see Table 1 
